
D a) x (s) = (- asi, cos ,E
=>(x()-us t
so sis are-lengthy, by2=a+ b2

.

b) Since me are using azelength penam , T(s)= x'(s) above and

k(s) = 14 " (s) 1 .

9"(s) = ( - csE
, -EsiE ,%)

mis:/"(s)- +Es?E=
NES- (-ess ,-sin ,

o

N(S) = (EsiE
,
-tes?, 0

I= - <N'
, B>

I I-im qcs
= En= <N'

,
TxB> = det

- e5= -sin

is? -[cos, S

Sok(s) = 2
,
T(s) = Ec
/,

- ust = $ , 0,1)) (nitoss,
2) · (0,

0
, 1)

12 (s) 11 17
1 . 1

= E = cust
.

=> I is constant
.



2) By 21 , me know that if
= (acss, asiE , bE) is a circular helix

,

a ,
b >0

, a +b-
= c
,

then han annature k
= E

,
torsion T

= Em .

on the other hand, given I , comitant , K>8,#C ;

let bea cricular helix paracterized as above
with a,

b Si
t .

15
=a

,
* =ab

.

solving for a ,
b explicitly ,

we see that setting
a= Ex 2

KEE2 ,
b=

R2
.

means will lae crature I , torsion .

Then by the fundamental theorem of escal theory of
curves

,
Since x

,
havethe same curvature and

torsion
, a and I differ only by a rigic motions

which means a must be acircular helix -



alternatively, we can integratethe Frenet- formulas to explicitly obtain
↳a para, for> without using FundamentalTh ofcurves ↑

By N' = T +&B
,
we have

N" =
-k'T - kT + 4 B+ B'

=-15 'T - k2N +2B + (=N)
=- + -KIN - N

constant
= ( +TYN .

We recognize the solutions ofthis ODE as
NIs) = usirs + Ncoss for = 152+↑2,

some fixed u, VE R3 .

2Noce NC) = V
, and since INCs)EI , this implies (VI=1 , it.

v is a unt vector
.

also
Sdifferentiatings wehere
N'(Is- /rucsus-rusirs)/so = M

OTOH
, we how

N'C) = - 12 T(0) +- B(0) => ru =
-RT) +- B10) -

So rilul=1-KT() +IBLO)
y I

- - -= 15 T))2-2KICTCO),B(0)) + E1B()R
=3722) lu 1 .

So is also ammit
nector.



also
, INR=1 implies
-

I

Alulsars +2smrsrs[,V +Nisrs=1
=> 2srscsrs [U,> 0 => <U,>

= 0 .

Next
,
we can use T'=RN ,

and wit the ODE

a "(s)= T's) = Rusirs+Isvessrs .

So integrating once gives
a(s) = Eucsrs-Eusius +wo forsomewe

I

Integrating again gres
als)= -

Usirs -

Vasus +Ws + so forsomes,e
Determine W : <T,N) == implies
8= 3 ucesus +Busines +W

,
Messrs+Usirs>

=> (W, uesrs+Vsrs =0 = WI span[4, v] ·
also

, by IT=1, weherethat

1 = esirs+Esmers+hl-histul
=> IRE=> (2)=
So finally me know that En,-V,Wit] is an



orthonormal frame . Then after an orthenormal transformation
taking this fame to thestandard &2 ,22 ,133 ,

we get
als= (sirs,Foss , Es) +

stisi Mansteinee

andwe can cleanly see that this
is the pacunetrization of a
circular helix

.



3) WLOG
,
cautale + to be are-length paran of 2.

Since at t= to
, l(t)) isat beal mar, me here

at o
Lus =

=

V(t-f()= 'C) ·U

= 20 "()-Uth- to 2/r()Pl=to
en

= by aze-length para
=> (12 "[tr) · r(ts)1

I"CollIt' = br"(t)) = 1k(to) 1
.

Caudy So we have Ik(s)K, I as required. .Schwenz



4) a) Reventing in cartesian ordinates , me here

(b)= (p(z) 2658 , p()smA) .

act2b
.

then are-length ,is given by Pa'(e)/dA
.

<(2)= (p(z)cst - p(z) sit , p(8)sinf + p(t)vost) .

-Ix-= <(2)(ess28-2p(2) (2) cost sing
-+ p() sin28+(p()]sm2+2 p()p() cost sinA

+ p()e528
= (p())+ p()

b
=> averlength =/ " dAy,
b) Well use (D) -!
<"(2) = (p"(z)xst2p()sit-p(8) est,

p "(z)sint +2p() -st -p(f)sint) .

1 I kae)

xa"()) passt-psint psittpesst :plust-2p'sit-pesst "sit+2 p'cost-paint



= (past-psi) (p"smit +2 pest -psint)
- (p'sint +post)(p"cost-2p'smt-pass2)(I

- 1) - Ppestsmit - pp "Sit
=

pp"ustsit+2 St -(
-

-
- intest +2()sin- 2ppsmite st + pszt -- -

S
A litose -post theestsmit+pcsf)k

-

= (2(2 - pp + p4k .

=> (x(z) x4" (2) = 2(j- " +P
=> h(0) = It

(p12 +2) /.



N
WLOG

, param , & by are-length s .

- and let the fixed point xo = 0
·↑

X=%

*

D 7
Then the normal lines of x at s are

given by s(t) = x(s) ++N(sI .

We have that forall s
, 7t(s) s :% .

Ps(t) = 0 .

Then differentiating bothsides ins
0= a,st) = a(X(s) + +N(s))

= T(s) +t(s)N(s) + t(s)(- k(s)T(s) +
+ (x)B(s)

-> (1- t(s)r(s))T(s) + t'(s)N(s) + t(s) s1B(s) .

Since [TIs) , NIs) , B(s)] is a basis
, equating components ,

weget
t(s) = 0 => t(s) = const . Wecan ruleout tCs)=0 Since

then ps(t) = x(s) and conditionwill imply
91 is a fixed point .

So WLOG
,
take +> const .

=> 0= tt(s) => = 0 .
So discontained in a plane .

9
8 .

Since radiu ofand tk(s)= -> i = t = rust . auvature is constant,
↑ and x(I) is in a plane,radius of

unvature .

*(I) is untained in a circle
/



alternatively, condition Ps() = 0 means at t ,

8 = <,
(t) ,
x(s)) = x)s)

, a(sK

-
-o

+ + <NIs) , x'(s))
since N1T .

=> ((s)
,
x(s) = 0 = &x(s)) = 0 .

=> (x(s) I = const .

Es
. (C) lies on asphere .

Remainto show = 0 (mwhich case x(I) is on aplove

Sphere
=circle) .

condition also means N(s) 1)c(s) , so N'(s) 11TLs)
,

osoqB(s) = T(s) xN(s) =T'xN()+T(s) xN'(s)
= 8 (T IN) N'IT

= N= xTfar
=> 0= - I(s)NIs) . someA

.

=> [(s) = 0 .

Hence <(5) lies in aplane .
So <(I) is contained in a

circle/


